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Preconditioner Features

P HIPEDS

Horizon-independent

Comparable performance to existing SDP-based methods

Required design computations scale with number of states and inputs, but not
horizon length

Exploits the Toeplitz structure of the condensed Hessian for problems with
Schur-stability



Imperial College
London

Outline

@ Preliminaries
© Spectral properties of the condensed Hessian
© Closed-form preconditioner

@ Conclusions

&

P HIPEDS




Imperial College
London

Model Predictive Control
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Preconditioning First-order Methods

P HIPEDS

@ Algorithm convergence rate dependent on problem conditioning
@ Problem conditioning equivalent to the condition number of the Hessian

o Commonly applied as a symmetric preconditioner L,T,lHCp(Lxll)’

Preconditioning Strategies
@ Matrix equilibration

@ Solve a SDP to find the Ly that minimizes the resulting condition number
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Dense Prediction Matrix

P HIPEDS
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When G is Schur-stable, this is Toeplitz with the matrix symbol

Pr(z) = ZAiBz_i = z(zl — A)71B = zG4(2) VzeT
i=0
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Condensed Hessian Matrix

The Hessian matrix H.p is a Toeplitz matrix with the matrix symbol
H.p = F’Or + R = PHCP(Z) = Pr(Z)*Q'Pr(z) + R

Bound the eigenvalues of the matrix (and the condition number) using the eigenvalues
of the symbol

Amin(PHcp) S )\(HCP) S Amax(,PHcp)

Jim w(Hep) = £(Php)
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Condensed Hessian Matrix

P HIPEDS
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Analysis of preconditioned matrix

P HIPEDS

@ Use a block-diagonal symmetric preconditoner:

HL = Lyt Hep(Ly)
Ly=Iy®L

Results
o H is Toeplitz with Py, = L~ 1Py (L)

@ Previous spectral bounds extend to preconditioned matrix for Py, instead of Py,
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Closed-form preconditioner

P HIPEDS

Preconditioner Design

The matrix H.p can be symmetrically preconditioned as Lx,lHCp(Lxll)’, where the
blocks L are the lower-triangular Cholesky decomposition of M with

M = B'PB + R,
and P is the solution to the Lyapunov equation

APA+Q=P.
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Preconditioner design flow
SDP-based design flow

Construct Optimal
Control Problem

P HIPEDS

Compute
Hep € Rme Nm

Compute the Cholesky

decomp. of Hgp € RNMm*Nm

Solve SDP with matrices
of size RZNm X 2Nm

¥

Construct blocks of preconditioner Compute eigenvalue decomposition

from eigenvalue decomposition of RNMXNm ghp recylt

Proposed closed-form design flow

Construct Optimal
Control Problem

},

Compute solution of
A'PA+Q =P, P e R"™X"

Compute M = B’'PB + R,
M e RrRMXm

Compute the Cholesky
decomposition of M € R™X™

¥

Construct blocks of preconditioner
by inverting L € R™X™
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Closed-form preconditioner - results

P HIPEDS

Equivalent performance to SDP-based preconditioners

-o0- Un-preconditioned

Example: 4-state, 2-input system < Richter of sl. (2012)
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Closed-form preconditioner - results

P HIPEDS
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Conclusions

@ Closed-form & horizon independent preconditioner

@ Equivalent performance to SDP-based preconditioners

@ Extend results to non-Schur-stable systems

@ Apply preconditioner to first-order methods to measure performance
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